Friction is a very complex phenomenon, arising from the contact of surfaces. In many engineering applications, the success of models in predicting experimental results remains strongly sensitive to the friction model. In practice, it is not possible to determine an exact friction model, however; based on observation results and dynamic systems analysis, a recently proposed model of nonlinear friction at linear supported lubricant bearings is investigated. This model involved static friction, stiction region, and dynamic friction, which is consisted of transition, Stribeck effect, Coulomb and viscous friction. On the other hand, this model is applied in the passive suspension system. Accordingly, a new quarter-car passive suspension model with the implementation of friction force is considered. Also, a vital experimental and simulation aspect is the generation of system input. Therefore, a nonlinear hydraulic actuator used, modelling this actuator with including the dynamic of servovalve derived by the proportional-integral (PI) controller, is prepared. This study is validated experimentally, with simulation achieving C++ compiler. Consequently, a good agreement between the experimental and simulation results is obtained, i.e. the nonlinear friction, passive suspension system, and nonlinear hydraulic actuator models are entirely accurate and useful. The suggested PI controller successfully derived the hydraulic actuator to validate the control scheme.
Introduction
Although numerous invaluable employments of friction, in metalworking, movement of vehicles, drive transmission with the use of frictional elements, also walking or vibration of strings in musical instruments, still there are various negative aspects of friction in the form of noise, wear, and unpredictable behaviour of multiple mechanisms. Usually, friction is not wanted, so a great deal has been done to reduce it by design, or by control. Friction behaviour can be divided into two regimes: gross sliding and pre-sliding [1] . Awrejcewicz and Olejnik [2] presented an algorithm for numerical integration of the ordinary differential equations including discontinuous term describing friction. The introduced algorithm was depended on the Henon method, which used to locate and track the stick to slip and slip to stick transitions. This numerical technique further referred a way used to investigate and to estimate the validity of various approximations to frictional behaviour.
Al-Bender et al. [3] mentioned the spearheading work of Amontons, Coulomb, and Euler attempted to clarify the friction concept regarding the mechanism of relative movement of irregular surfaces in contact with one another. They were lacked to a precise dynamic model. Therefore, the requirement for such a model is becoming urgent; accordingly, if the researchers were able to qualify and quantify this friction force dynamics, it would be a relatively more uncomplicated step to treating the dynamics of a whole system comprising the friction. Thus our results are consistent phenomenon that is quite difficult to model, and it is not yet completely understood [4] .
The identification approach was developed by [5] , in which to extend the frequency-domain view to extracting the multiple varying stiffnesses of the presliding friction in the generalised Maxwell-slip model based on the frictional resonance, which was a frequency-domain reflection of the hysteretic nonlinear behaviour of the pre-sliding friction. Culbertson and Kuchenbecker [6] assessed their endeavours to render very sensible virtual surfaces by growing their past work in surface rendering to incorporate surface friction and tapping transients, in a different way about what this study be conducted. The models include three components: surface friction, tapping transients, and texture vibrations.
Kudish [7] considered frictional stresses causes the tangential displacements of contact surfaces, the estimates of the lubrication film thickness and frictional stresses can be significantly diminished and carried into a reasonable range compared to the observation measured. Also, the researcher proposed a stable numerical procedure for actual modelling surface sliding velocity and the rest of the elastohydrodynamically lubricated contact parameters.
Pilipchuk et al. [8] deliberated the brake squeal phenomenon was generally observed at the last phase of braking process causes the decelerating sliding, which was very slow as compared to the temporal scales of friction-induced vibrations related with elastic modes of braking systems. Considering the transitional impacts was vital to comprehend physical conditions of the beginning of squeal occurrence, including conceivable mechanisms of excitation of acoustical strategies.
The applications covered water-lubricated shipboard bearings [9] , [10] , [11] ; and [12] . These studies were dominated by experimental tests of section models that emulated the actual bearing dynamics. Different dynamic characteristics were predicted from the numerical simulation of the equations of motion and were exhibited by a bifurcation diagram revealing different regimes. These regimes include modulated response signals characterised by two frequency responses, intermittent on-off motion representing the incipient of squeal behaviour, and limit cycles accompanied by high-frequency components. The occurrence of each regime mainly depends on the value of the slope of the friction-speed curve.
The role of nonlinearity due to the friction-speed curve as well as the time variation of the friction coefficient has been considered in many other studies. The time variation of the static friction in relation to stick-slip vibration has been studied experimentally [13] , [14] , [15] , [16] , and [17] . These studies revealed two factors responsible for increasing the value of the static friction coefficient, with time.
These are the creep rate of compression of the asperities, increasing in the junction areas, and the shear strength of the junctions due to the existence of the coldwelding effect.
A state and maximum friction coefficient estimation using the joint unscented Kalman filter presented by [18] , and they considered a highly nonlinear vehicle model representing longitudinal and lateral dynamics.
From an application point of view, a quarter car model can successfully be used to analyse the suspension system responses to road inputs. The system reactions with different road excitations and the model were established by [19] .
In the majority of the prior research, [20] , [21] , [22] , [23] , and [24] , a quarter car is modelled in which the spring and viscous damper are moved vertically, with the inclination effects being ignored. Conversely, these are most inclined. In another hand, simulation the passive suspension test rig used the conventional model that depicted in Fig 1a and presented as a schematic diagram in Fig 1b, was confronted an issue, there is a significant difference between the body movements for experimental and simulation results. Consequently, to overcome this issue, the suspension model should be modified through taking into account the actual inclined position of the spring and damper units, and the reality of sliding the body on the lubricant bearings. Therefore, the friction force effects at supported body bearings will play a pivotal role in reducing body oscillation should be considered.
In the current study, it was found, the friction helps to remove the oscillation from the body displacement as damping contributions. This is unexpected; it always has been caused to deteriorate the system, friction to be corporate with the primary target of suspension system performance. Accordingly, implementation of the friction with the quarter-car suspension model is a novel contribution. 
Road simulator model
The test rig can create a step and sine wave system inputs.
Step input was used; this was potential because it is critical and helpful to show the system response. Also, regarding the construction of test rig, it was impossible to provide the step input directly since; the piston actuator should be firstly moved from ground to mid-point, and then be provided with the step input. Accordingly, the system input was designed to be mixed between the ramp and step inputs; however, there is a drawback with this input that was so severe; therefore, it was passed through a low pass first-order filter to be more convenient with test rig to avoid damage.
Therefore, this system is dynamically related, and the dynamic behaviour of the road simulator system becomes one of the essential factors in this study and should be investigated.
Mathematical system input model
Considering Fig 1b, road simulator schematic diagram and the conventional modelling [25] and [26] , the spool valve displacement x sr , is related to the voltage input u r by a first-order system is given by:
Therefore, depending on the direction of servovalve spool movement, there are two cases:
Case1: for x sr ≥ 0 when extending
The flow rates equations are:
Q 2r = K fr x sr √|P 2r | sign(P 2r )
Case 2: for x sr < 0 when retracting
Q 2r = K fr x sr √|P sr − P 2r | sign(P sr − P 2r ) (4)
The flow rate equations, including compressibility and cross-line leakage effects for both sides, may be written. 
Also, the 2 nd Newton's law for mass tyre is,
A little voltage is used to control the servovalve. Using the measured road input from the test rig (LVDT's sensor) as feedback, through the data acquisition to PC card to convert from analog to digital to be adapted to use for design a controller.
This voltage is passed through an amplifier, which provides the condition power to alter the valve's position to control the flow rates. The main drawback of state feedback law is that it cannot remove the steady state errors due to hydraulic leakages and constant disturbances or reference input commands. Consequently, it is necessary to consider the controller structure that contains an integral action.
The suggested PI controller is:
Note: For more detail, see APPENDIX.
3 Why considering friction within this study?
In our test rig, a quarter-car, to achieve the primary target of this test rig and the requirements of design, the designer had had to force the mass body movements in a vertical line. Therefore, a 240 kg weight plate, used to represent a quarter car body, is organised to move vertically via two linear supporting lubricant bearings.
Two rails (THK type HSR 35CA), 1000 mm long and parallel to each other, are used with each linear bearing. A double wishbone suspension linkage was chosen because it preserves the geometry of a wheel in an upright position independent of the suspension type used. They connect the wheel hub to the chassis, which is attached to the car body. However, the inclined position of spring and damper should be taken account; this design helps to create a normal force at the body bearings regard to the system inputs as shown by the free body diagram of test rig latter. This force is responsible for generating Coulomb friction force. Also, the mass body has been sliding on these lubricant bearings, i.e. this is undoubted produces viscous friction. Therefore, it is crucial to investigate this friction qualified to their critical effects.
From a validation point of view, the experimental work was first done, simulation of these preliminary tests through using a conventional quarter car passive suspension model, faced an issue, it was found there is a significant difference in the body movements between them. Consequently, the consideration of friction force become urgent, however, there are two clear indicators happen with experiential results assisted to notice the friction effects as follow:
The Dynamic indicator
From mathematical model simulation results, it was found there is considerable fluctuations in the body movements that what generally supposed from a quartercar conventional suspension model. Watton [17] , for the same test rig, mentioned 
The static inductor
From the observation test, demonstrating of the suspension movements (X w − X b )
as shown in Fig 3, which directly recorded from the test rig LVTDs transducers readings, these results with significant noises qualified to sensor's characteristics.
It is clearly seen that there is a zero difference between X w and X b in the starting or a short period of beginning test time; this could be because of data acquisition delay.
Subsequently, the differences between them gradually increased, while the wheel starts to move up the body was stuck (X b = 0.0), until reaching the maximum.
From that point forward, the results input force cope the stiction friction allowing the body to start moving. Therefore, the difference between them slowly reduced until reaches zero or close to zero at steady state (SS), the resting behaviour is following the system input force through two stages in positive and negative directions. This observation is named by the static friction indicator. The normal force acts at the body lubricant bearings, is:
Also, the construction linkage angle is dynamically changed by ∓∆θ; from the geometric analysis, it is found that:
Nonlinear frictions model
To achieve the high level of performance, frictional effects have to be addressed by considering accurate frictions model, such that the resulting model would simulate all observed types of friction behaviour faithfully. the literature yet. In other fields of engineering, where hysteretic phenomena manifest themselves, more research has been conducted. In reference [27] , for example, adaptive modelling techniques were proposed for dynamic systems with hysteretic elements. The methods were general, but no insight into the influence of the hysteresis on the dynamics was given, no experimental verification was provided.
In this study, the formative friction model despite its extreme simplicity, the model can simulate all experimentally perceived properties and facets of low-velocity friction force dynamics (that we are aware of). According to the test rig construction and the system input type, which is history travel, therefore, it is found, three circumstances depending on whether the body velocity is accelerating or decelerating.
Mathematical friction model
The mathematical expression for the new friction model is consisting of three different sectors depending on the value and direction of the body velocity, as follows: ] + DẊb X ḃ < 0.0
Where, F fric , is the total friction force in (N).
In another word, Equation (13) shows the friction model, which includes two main parts: Static and dynamic friction. The former is solely dependent on the velocity that because the body velocity should be close zero or just cross zero often whereas, the latter is with two expressions depend on the body velocity direction. Besides this friction model, the physics SS is investigated.
Static friction model
Since the force of friction at zero velocity can take any value between + Fc andFc, the mathematical treatment is belonging to the problems of differential inclusion and differential equations with non-smooth right-hand side [28] . In the current study, at the beginning of test time, the wheel started to move according to the system input, whereas the body remained motionless (X b = 0.0), this is undoubtedly resulting in the stiction region. Accordingly, this friction is sufficiently accurate to describe the static friction, which is accounted through the test rig forces balance in the vertical direction (∑ F v = 0.0) as follows:
The following conventional model represents a quarter race-car body motion without friction [29] , is:
Where, X w , X b are the wheel and body movements (m), Ẋw, Ẋb are the wheel and body velocities respectively (m/s), Ẍb is the body acceleration (m/s 2 ).
This is a first time to implement the friction forces within the 2 nd Newton's law for a quarter car model. Therefore, the new dynamic equation of motion for the body becomes:
At the beginning and a short period of the test time, the body remained motionless (X b ≅ 0.0) and (Ẍb ≅ 0.0). Therefore, Equation (15) becomes:
Then,
Where, F fricS is the static friction, which magnitude is equal to the relative displacement and relative velocity between the wheel and body times the stiffness spring and viscous damper coefficients respectively, with direction depending on the next stage X ḃ direction. From the experimental work, for the step input (amplitude = 0.005 m), it was found that the maximum static friction force position occurs at (X w − X b ) ≤ 0.0069 m and X b ≅ 0.0. When the system at the breakaway force and just starting to slide, the friction force reaches this maximum force.
Dynamic friction model
Previous studies (see, e.g., [30, 31] , [32] ) have shown that a friction model involving dynamics was necessary to describe the friction phenomena accurately.
A dynamic model representing the spring-like behaviour during stiction was proposed by [33] . The Dahl model was essentially Coulomb friction with a lag in the change of friction force when the direction of motion was changed; the model does not include the Stribeck effect. An attempt to incorporate this into the Dahl model was made by [34] where the authors introduced a second-order Dahl model using linear space invariant descriptions. There are also other models for dynamic friction, Armstrong-Helouvry proposed a seven-parameter model in [30] , this model does not combine the different friction phenomena but is, in fact, one model for stiction and another for sliding friction. Another dynamic model suggested by [35] , this model is not defined at zero velocity. Pilipchuk and Ibrahim [36] inspected the parametric excitation of a double pendulum model with one pendulum that could be encounter affected with rigid walls by using the Zhuravlev coordinate transformation.
However, in this paper, a promotion dynamic friction model is proposed. This Refer to the system (13); there are two forms for the dynamic friction qualified to the body velocity direction as follows:
For Ẋb > 0.0 the dynamic friction form is:
Virtually, this friction has consisted of three parts; portion one is with the form:
Where F fricT is the transition friction, C e is the attracting parameter and e1 is the curvature degree. The transition friction has exponential behaviour, it totally agrees with the literature reviews for lubricant friction, which is started from the maximum value at the stiction region and quickly dipped with just the body be started to move or its velocity be grown.
Whereas, part two representing Coulomb friction, which is equal to the normal bearing force times the friction coefficient (μ) as shown:
Where, F fricC is Coulomb friction.
Finally, part three demonstrates the viscous friction according to the lubricant bearings and body contact, which is counted from the body velocity times a viscous coefficient (D), as follows:
Where, F fricV is the viscous friction.
In respect of Ẋb < 0.0, the dynamic friction form is:
Equation (22) is quite similar to (18) with adding a negative sign for the transition friction term, that because these values are described the friction in the opposite direction relative to the velocity direction, i.e. negative frictions region.
Steady-state friction
It is vital to experience the friction behaviour within SS, by defining the threshold force, which is needed to cause across pre-sliding / sliding motion. At the stiction region and SS stages, Ẍb is equal to zero. Therefore, the friction in both cases is identified in similar to the static friction as mentioned in (17) . In general, the particular friction form in SS case is as follows:
Where, F fricSS is SS friction.
Simple friction model
System (13) gives a general form for the nonlinear friction happens at the linear lubricant supported body bearings. This model could be studied from the different point of view, i.e. it can be returned to two dominants parameters, the body velocity and the normal body force. The friction relative to the body velocity is named as damping friction while Coulomb friction qualifies to the normal body force.
For simplicity, although the frictions model equation (13), covered most of the observation friction phenomena, still it could be used a simple form through overlooking Coulomb friction. Therefore, the new expression of friction without Coulomb is: show their ability to highlight the hysteresis phenomena that should take place with this system input type, whereas the simple friction model (24) has lost to display hysteresis. In addition, a mathematical analysis is used to find which one is accurate, by using the residual mean square (RMS). Therefore, it is used two measured parameters X b and X w − X b to show the accuracy of considering the general or simple friction form.
The RMS is accounted for the measured and mathematical simulation model results with and without Coulomb friction for the suspension movement, as follows:
And, Table I has demonstrated the RMS results. Therefore, the new dynamic equation of motion for the body system becomes:
While the dynamic equation of motion for the wheel is:
Where, Ẍw is the wheel acceleration (m/s 2 ).
Experimental and simulation results
In this study, comparison of system response results are conducted between the experimental works and mathematical simulation model results achieved through C++ compiler environment. Experimental work and simulation are accomplished as a function of amendment into step input parameter; these results are gained by setting up the step input amplitude at 50 mm, which is the distance between the mid-points to top-point of the actuator. Coulomb friction has brought the hysteresis behaviour. is vital to preserve the probability of reconsidering friction with a quarter, half, and full vehicle models. Also, this study potentially helps in encouraging researchers to implement the sliding contact for spring and viscous damper chassis, which directly influences vehicle stability and road handling. For future work, our underlying motivation is that, when this dynamic behaviour is thoroughly understood, the knowledge can be used to design appropriate feedback controller. Therefore, it might be advisory to install an active actuator, instead of the passive one, to study active system response covering friction effects. The actuator flow rate equations, including compressibility and cross-line leakage effects for both sides, may be written as: 
In addition, 2 nd Newton's law for tyre mass is, ẌrM r = (P 1r A 1r − P 2r A 2r − B vr Ẋr − k t (X r − X w ) − B t (X ṙ − Ẋw) − M T g
Where, M r is tyre mass, the displacements of tyre and wheel are X r , X w respectively, the velocity of tyre and wheel are X ṙ , Ẋw, respectively, X r is the acceleration of tyre mass, g is a ground acceleration.
The suggested PI is:
u r = K p er(t) + K i ∫ er(t)dt t 0 er(t) = X rdf (t) − X r (t)
Where, u r , is applied voltage, K p , K i are the proportional and integral gains respectively, er, is the control signal, X rdf and X r, (m), are the desired filter and measured road displacements respectively.
B. Account of the normal force
The free body diagram of the test rig was shown in Fig 4; the friction force acts as an internal force in the tangential direction of the contacting surfaces. Therefore, the inclination position of the suspension units and the type of the system input helped to generate Coulomb friction relatively to this normal force component; this force is accounted as follows: 
F fricC = μF nb (34) Where F fricC , is the Coulomb frictions, μ is the friction coefficient, F nb , is the normal force component and F is the spring and damper forces.
While the construction linkage angle is dynamically changed by ∓∆θ, therefore, from engineering geometry, it can be found ∆θ as follows: 
